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abstract
The purpose of this paper is to formulate the quantum mechanical channel
for Jaynes-Cum.mings model by applying the mathematical concept “ﬄing”
and then, to rigorously derive von Neumann entropy and quantum mutual
entropy for this channel.
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,
– Jaynes-Cummings model[1] ,
“ ”
,
[2-41. , [51. .
.














, , . 3
















, , $\mathcal{H}_{1}$ $\mathcal{H}_{2}$ . ,
$B(\mathcal{H})(k=1,2)$ $\mathcal{H}_{k}$ , , $\mathfrak{S}\langle \mathcal{H}$ )
$\mathcal{H}_{k}$ ( ) .
$[6- 8|$ .
[ 2.1] $\Lambda$ : $B(\mathcal{H}_{2})arrow B(\mathcal{H}_{1})$ ,\Lambda
$\Lambda^{*}$ : $\mathfrak{S}(H)arrow \mathfrak{S}(\mathcal{H}_{2})$ (completely positive channel) .
, $\ovalbox{\tt\small REJECT}$
.
[ 22] 6 $\mathrm{G}\otimes \mathfrak{S}$ E* (lifting) [9].
$\mathcal{E}^{*}\cdot..6arrow 6\otimes \mathfrak{S}$ (2.1)
,
– .
, $p\in \mathfrak{S}_{\text{ }},a$) $\in \mathfrak{S}_{1}$
;
$\mathcal{E}^{*}:\mathfrak{S}_{\text{ }}arrow \mathfrak{S}_{\text{ }}\otimes \mathfrak{S}1’\cdot \mathcal{E}^{*}\rho=U_{t}(p\otimes\omega)U,*$
.
2
$\Lambda^{*}:\mathfrak{S}_{0}arrow \mathfrak{S}_{0}$ , $\Lambda^{\mathrm{r}}p=r\gamma_{\mathcal{H}_{1}}\mathcal{E}*\beta$
,
. ,\rho \in S(H) ( ) [101
.
$p= \sum_{n})_{\bigvee_{n}}E_{n},\lambda\geq\lambda_{\mathit{2}}J\geq\cdots\geq\lambda,\geq\cdots,$
$E_{\eta}l\perp E,(n)n\neq m$ (2.2)







. , , $p$
$\Lambda^{\mathrm{s}}p$ $\sigma_{E}\in \mathfrak{S}(\mathcal{H}\otimes \mathcal{H}_{2})$
.
$\sigma_{E}\equiv\sum_{n}\lambda_{n}E_{n}\otimes\Lambda^{*}E_{n}$ (2.3)
, $p$ (2.2) – , $E=\{E_{n}\}$
$E$ . , $p$
$I(p;\Lambda^{*})$ , .
[ 23] $I(p;\Lambda^{*})$ , [6-81.
$I(p; \Lambda^{*})\equiv\sup_{E}\{S(\sigma_{E}|\sigma)\mathit{0};E=\{E_{n}\}\}$ (2.4)
, $\sigma_{\mathit{0}}\equiv p\otimes\Lambda^{*}p$ , , $S(\sigma_{E}|\sigma_{\mathit{0}})$ ,\mbox{\boldmath $\sigma$}E $\sigma_{\mathit{0}}$
[12] , $s(\sigma_{E}|\sigma \mathit{0})\equiv tr\sigma(E\circ lg\sigma-l\circ Eg\sigma)\mathit{0}$
. , $p$












$H=H_{0^{+}}H_{1^{+}}H01$ : .. $\cdot$ . (3.1)
$H_{0}= \frac{1}{2}ha’\sigma_{z},$ $H_{1}=\hslash a\chi \mathit{1}^{*}a,$ $H_{0}1=\hslash g(a\otimes\sigma^{+}+\mathit{0}^{*}\otimes\sigma^{-})$ (3.2)
g ,\mbox{\boldmath $\sigma$}1 ,
$\sigma^{+}=|2\rangle\langle 1|=,\sigma^{-}=|1\rangle\langle 2|=,|1\rangle=,|2\rangle=,\sigma_{z}=$ .
$a$ $a|\alpha\rangle$ $=\alpha|\alpha\rangle$ . , H $H_{1}$
\mbox{\boldmath $\omega$} ,J-Cmodel
. , $a\otimes\sigma^{+}$ (absorption operater), $a^{*}\otimes\sigma^{-}$
(emission operater) , $a\otimes\sigma^{+}$ –
, a*\otimes \mbox{\boldmath $\sigma$}- –
.
4.





, (dressed state) $|\Phi_{j}^{(n)}\rangle(j=0,1)$ ,
4
$| \Phi_{j}^{(n\}}\rangle=\frac{1}{\sqrt{2}}(|n\otimes 2\rangle+(-1)j|n+]\otimes 1\rangle)$
.
$H_{01(\begin{array}{l}|\Phi_{\mathrm{o}}^{(n)}\rangle|\Phi_{1}^{(n)}\rangle\end{array})=\hslash(\begin{array}{ll}\Omega 00 -\Omega\end{array})(\begin{array}{l}|\Phi_{\mathrm{o}\rangle}^{(n)}|\Phi_{1}^{(n)}\rangle\end{array})}$ (4.2)
,\Omega $=g^{\sqrt{n+1}}$ . \Omega , $\mathrm{g}$ n
. \Omega .
(42)
$H_{\mathit{0}1}|\Phi_{j}^{()}\prime l\rangle=(-1)j\hslash g\sqrt{n+1}|\Phi(n)\rangle j’(j=0,1)$ (4.3)
. , $\langle.\Phi_{0}^{(n}$ ) $|\Phi_{1}(n))=\langle\Phi_{1}^{(n)}|\Phi^{(n)}0\rangle=^{0,1}|\Phi(nj)||=1,(j=0,1)$
,(4.3) .
$H_{01}^{()}n= \sum_{j=0}^{1}(-1)^{j}hg^{\sqrt{n+1}}|\Phi_{j}^{(n)}\rangle\langle\Phi^{()}n|j$
. $\cdot$ . $H_{\text{ }1}= \sum^{\infty}\mathcal{H}(01\sum_{nn=0}^{\infty}n)_{=}=0j\sum_{=0}^{1}(-1)^{j}hg^{\sqrt{n+1}}|\Phi(j)n\rangle\langle\Phi_{j}(n)|$
,
$U_{t}= \exp(-itH_{0}\iota/\hslash)=\sum n\infty=0\sum_{j=0}\mathrm{e}\mathrm{x}1\mathrm{p}[-if(-1)^{j}g\sqrt{n+1}]|\Phi_{j}(n\mathrm{I}\rangle\langle\Phi(n)|j$ (4.4)
5.
, $U(t)=e^{-fft},H:/\hslash$hamihonian ,
$|\psi,\rangle$ $t$ $|\psi_{f}\rangle$ $\langle\psi_{i}|\zeta J(t)|\psi f\rangle$
[16]. , (3.4) , $(t=0)$ ( )
( ) t $\text{ }P_{\mathit{2}}(\mathit{2}t)$ [15].












. . 1) -
$\overline{z}$ . $\subset-V\nearrow\triangleright$ $U\supset$ $(\perp[]$
6
$.‘\supset$ . $arrow\lrcorner$ $-V\nearrow$ { j $\subset\in$ v\supset @ $\langle$ 2)
$[egg1]$ for short time: 2 ”Cummings ” ,\supset
[17]. $\Omega=gn’+1$
$\mathrm{p}\mathrm{o}\mathrm{i}_{\mathrm{S}\mathrm{s}\mathrm{o}}\mathrm{n}\mathrm{i}\mathrm{a}\mathrm{n}$ $\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}(\mathrm{i},\mathrm{e}$, coherent
state) . ” ”
.
for long time: , “ ” “ ”
. n (5.1) ,
$t_{r}\cong 2\pi\alpha/g$
( ,
). , $T=kt_{r}(k=1,2,3,\cdots)$ [17]. 1





$p=\lambda_{0}|1\rangle\langle 1|+\lambda_{1}|2\rangle\langle 2|\in \mathfrak{S}_{\text{ }}$
, ;
$co=|\theta\rangle\langle\theta|\in \mathfrak{S}1$






, t $\mathcal{E}$ ) $p\in \mathfrak{S}_{\text{ }}$ $\otimes \mathfrak{S}_{1}$
,
$\mathcal{E}_{t}^{*}p=U_{t}(\beta^{\otimes)U_{t}}\omega*$
\Lambda *t Et* .
$\Lambda^{*},p=tr\mathcal{H}_{0}tU(\omega\otimes p)U^{*}t$
$= \sum_{m,n=\text{ }i,j}^{\infty}.\sum^{1}E_{n}=\text{ }’ jE^{*}m,i\langle\Phi^{(}n)\psi j\otimes \mathcal{O}|\Phi_{i}^{(m})\rangle..tr|\mathcal{H}_{1}\Phi^{(n\rangle}j-\rangle\langle\Phi(m)|i$
, ,
$\{$
$tr_{\mathcal{H}_{1}}| \Phi^{(n)}\rangle j\langle\Phi_{i}(m)|=\frac{1}{2}(\delta_{n}.|m\rangle 2\langle 2|+(-1)^{i}\delta|n.m+\iota\rangle\langle\iota|+(-1)^{j}\delta_{n},|1\rangle\langle 2|+(-1)^{i}+j\delta|2+\iota_{m}n,m1\rangle\langle 1|)$
$\langle\Phi_{j}^{(n)}|\omega\otimes\rho\supset\Phi_{i}(m)\rangle=\frac{1}{2}(\lambda_{1}\langle n|c\mathit{0}|m\rangle+(-1)^{i+}j\lambda\langle \mathrm{o}n+\iota|\omega|m+1\rangle)$
,
$\Lambda_{tp=\frac{1}{4}}^{*}\sum_{n=0t}^{\infty},\sum_{f=0}EE_{n},[10n,Ji\{*\langle n+1|a)|\lambda n+1\rangle(|1\rangle\langle 1|+(-1)^{i}+\mathrm{J}|2\rangle\langle 2|)+(-1)^{j}\langle n+1|\omega|n\rangle|2\rangle\langle 1|+(-1)^{i}\langle n|\Phi|n+1\rangle|1\rangle\langle 2|\}$
$+\lambda_{1}\{\langle n|\mathcal{O}|n\rangle(|2)\langle 2|.+(-1)i+J|1\rangle\langle 1|)+(-1)^{i}\langle n+1|\omega|n\rangle|2\rangle\langle 1|+(-1)^{\gamma}\langle n|\omega|n+1\rangle|1\rangle\langle 2|\}]$
,
$\sum_{n=0}^{\infty}\langle n|\mathcal{O}|n\rangle=\exp[-|\theta^{2}]_{n=}\sum_{\text{ }^{}\infty}\frac{1\theta^{2n}}{n!},\sum_{0n=}^{\infty}\langle n+1|\omega|n+1\rangle=\exp[-|q^{2}]_{n}\sum\infty=0\frac{1q^{2(n+\iota})}{(n+1)!}$
$\sum_{n=0}^{\infty}\langle n+1|\omega|n\rangle=\sum_{n=\text{ }}\langle\infty n|\omega|n+1\rangle=0$
,
$\Lambda_{t}^{*}p=(\lambda_{0^{C_{1}}}(t)+\lambda_{10}S(f))|1\rangle\langle\iota|+(\lambda_{0^{s_{1}}},(f)+\lambda c_{0}(\iota f))|2\rangle\langle 2|$ (6.1)
8
$c_{1}(f)= \sum_{n}C_{n}(t)p(n+1),S(1t)=\sum_{n}s_{n}(t)p(n+1),c_{0_{7}}(f).=\sum C(\hslash nt)p(n),s0(t)=\sum s_{n}(\tau nt)p(n)$
$c_{n}(t)= \cos^{2}\Omega t,S_{n}(f)=\sin 2\Omega t,\Omega=g^{\sqrt{n+1},=}p(n)e^{\frac{1}{2}}\frac{1\theta^{2n}}{n!}|\theta|2$
7. von Neumann
, von Neumann
. $\mathrm{J}.\mathrm{C}$ .M. [181 ,
. ,
[191
channel (6.1) , .
$\langle 1|\Lambda_{\mathrm{r}}^{*}E_{k}|2\rangle=\langle 2|\Lambda_{f}^{*}E_{k}|1\rangle=0$ $(k=0,1)$
$\langle 1|\Lambda_{t}^{*}\mathrm{d}^{2}\rangle=\langle 2|\Lambda_{t}^{*}\mathrm{d}1\rangle=\mathit{0}$
$\langle 1|\Lambda^{\mathrm{e}}E|t01\rangle..=c_{\mathrm{i}}.(t),\langle 2|\Lambda E|*2\rangle t1=c(0t)$
$\langle 1|\Lambda^{*},E|1\iota\rangle=s_{0}(t),\langle 2|\Lambda_{t}^{*}E_{0}|2\rangle=_{\iota}\mathrm{s}_{1}(t)$
(7.1)




$= \sum^{2}\langle s|\Lambda^{*}\mathrm{d}f\rangle\langle t|\log\Lambda^{*}\mathrm{d}s\rangle$
$s,t=1$
$=-\langle 1|\Lambda^{*}d1)\langle 1|\log\Lambda*\mathrm{d}\mathrm{l}\rangle-\langle 1|\Lambda \mathrm{d}*2\rangle\langle 2|\log\Lambda \mathrm{d}*1\rangle$
$-\langle 2|\Lambda^{*}\mathrm{d}1\rangle\langle 1|\log\Lambda^{*}\mathrm{d}2\rangle-\langle 2|\Lambda^{*}\mathrm{d}2\rangle\langle 2|\log\Lambda \mathrm{d}*2\rangle$
$=-\langle 1|\Lambda^{*}\mathrm{d}1\rangle\log\langle.1|\Lambda^{*}\mathrm{d}1\rangle-\langle 2|\Lambda^{*}\mathrm{d}2\rangle\log\langle 2|\Lambda \mathrm{d}*2\rangle$
$=-(\lambda_{0}C_{1}(f)+\lambda s1\mathrm{o}(t))\log(\lambda_{\text{ }}c_{1}(f)+\lambda_{1\text{ }}s(t))$
$-(\lambda_{0}s_{1}(f)+\lambda_{1}c\mathrm{o}(f))\log(\lambda_{0}s_{1}(t)+\lambda C(\iota 0t))$
.
Notel: $(\lambda_{\text{ }},\lambda)1=(0,1),(1,\mathrm{o})\sigma)\mathrm{B}\#,$ $S(\Lambda^{*}\rho)=-C_{n}(t)\log cn(t)-s_{h}(t)\log sn(t)$
Note2: $\lambda_{0}=\lambda_{1}=0.5\mathit{0}$) $\text{ ^{}-},S(\Lambda^{*}p)=S(\rho)=\log 2$
9
Note3: $t=0\mathit{0}$) $\text{ }S(\Lambda p)*=S(p)$
Note4: $c_{n}(t)=s_{n}(t)= \frac{1}{2}\mathrm{t}\mathrm{O}\text{ },$ $S(\Lambda^{*}\rho)=\log 2$




. , “Cummings ” ,
, ,
.
$\text{ }$ , |\theta 2 $=1\mathit{0},g=0.9,\lambda_{0}=0,\lambda=11$
.
. $\mathrm{v}.\mathrm{N}$ . $:1\mathrm{i}\swarrow\triangleright\Pi\subset-(.\angle[]$
8.
2
6 $P^{=\lambda_{0}E_{0}+}\lambda 1$El\in S schatten
$I(p;\Lambda_{l}^{*})$ , \langle 2. $4\rangle$
,
10
$I(p; \Lambda^{*},)=\sum_{=k\text{ }^{}1}\lambda_{k}S(\Lambda E_{k}*"\Lambda^{*}pt)$
$= \sum_{k=0}^{1}\lambda k\sum_{s,t=\mathrm{l}}^{2}\langle S|\Lambda^{*}E|tkt\rangle\log^{\frac{\langle t|\Lambda_{r}^{\mathrm{s}}E|kS\rangle}{\langle t|\Lambda_{:}^{*}\mathrm{d}s\rangle}}$
, (7.1) , .
$I(p; \Lambda_{t}^{*})=\lambda_{0\{\frac{c_{1}(t)}{\lambda_{0}C_{1}(f)+\lambda_{1}s_{\text{ }}(f)}+}C_{1}(t)\log s_{1}(t)\log\frac{s_{1}(t)}{\lambda_{\text{ ^{}S_{1}}}(t)+\lambda c(10)t}\}$
$+ \lambda_{1}\{S0(t)\log\frac{s_{\text{ }}(t)}{\lambda_{\text{ ^{}C}0}(t)+\lambda(1^{S}1i)}+c_{n}(t)\log\frac{c_{\text{ }}(t)}{\lambda_{0}s_{1}(t)+\lambda_{\iota 0}c(t)}$
.
Notel: $(\lambda_{\text{ }},\lambda)1=(0,\iota),(1,\mathit{0})\text{ },$ $I(\rho;\Lambda^{*})=0-$
Note2: $t=0$ or $g=0$ $\#\doteqdot I(\rho;\Lambda^{*})=s(p)$
Note3: $c_{n}(f)=s(nf)= \frac{1}{2}\text{ }$ , $I(p;\Lambda^{*})=0$
Note4: $I(p;\Lambda^{*})\leq S(p)$ .
, |\theta 2 $=5,g=0.\mathit{9},\lambda_{0}=0.\iota,\lambda_{1}=\mathit{0}.\mathit{9}$
.
$\circ$ . $\ovalbox{\tt\small REJECT}^{-}$T\uparrow $94_{-}^{\lrcorner}-\swarrow 1^{\backslash }\cup\llcorner-(\perp/$
$5.\text{ }|\theta 29=25,g=0.,\lambda_{0}=0.1,\lambda_{1}=0.9$’ .
11
$l$ . $1\mathfrak{l}^{-}\tau \mathrm{t}$ $B_{--}^{\mathrm{S}1}\swarrow$ $\subset-(.\angle)$
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